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This is a p a r t i a l  a lphabe t i ca l  l i s t i n g  o f  t h e  p re sen t  nomenclature. A l l  
symbols are def ined  l o c a l l y  i n  t h e  t e x t  where they  are f irst  used. 
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- - - -  
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Te e l e c t r o n  temperature  
V e l e c t r o n  speed 
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AN EXTENSION OF FROST'S MIXTURE RULE TO INCLUDE 
THE EFFECTS OF MULTIPLE IONIZATION ON 
ELECTRICAL CONDUCTIVITY - 
APPLICATION TO EQUILIBRIUM AIR AT 3,000" TO 28,000" K 
John R. Viegas 
Ames Research Center 
SUMMARY 
An extension o f  prev ious ly  developed expressions f o r  t h e  e lec t r ica l  
conduct iv i ty  o f  a plasma i s  presented .  
accounting f o r  t h e  e f f e c t s  o f  i o n i c  charge i n  t h e  coulombic c o l l i s i o n  f r e -  
quency and a co r rec t ion  f a c t o r  t h a t  extends t h e  range of  a p p l i c a b i l i t y  o f  t h e  
equat ion f o r  t h e  conduct iv i ty  o f  a f u l l y  ion ized  gas .  The r e s u l t i n g  expres- 
s i o n  i s  app l i cab le  over  a l a r g e  range of  temperatures and p res su res .  I t  i s  
appl ied t o  t h e  problem of  obta in ing  accura te  values  f o r  t h e  e l e c t r i c a l  conduc- 
t i v i t y  o f  equi l ibr ium a i r .  The temperatures and dens i ty  r a t i o s  (based on 
s tandard  atmospheric dens i ty)  considered i n  t h i s  s tudy  range from 3,000" K t o  
28,000° K and t o  l o 2 .  The r e s u l t s ,  p resented  p r imar i ly  i n  t a b u l a r  form, 
inc lude  o t h e r  usefu l  plasma dynamic parameters f o r  equi l ibr ium a i r .  Compari- 
sons a r e  a l s o  made with var ious o t h e r  methods o f  c a l c u l a t i n g  t h e  e l e c t r i c a l  
conduct iv i ty  of  a i r .  
This  ex tens ion  includes an accura te  
INTRODUCT I ON 
I t  was r e c e n t l y  demonstrated (ref.  l ) ,  by an ex tens ive  t rea tment ,  t h a t  t h e  
e l e c t r i c a l  conduct iv i ty  f o r  p a r t i a l l y  ion ized  gases could be obtained accu- 
r a t e l y  from an empir ica l  mixture r u l e  developed by Fros t  ( r e f .  2). The r u l e  
i s  a combination o f  "exact" s o l u t i o n s  f o r  t h e  e l e c t r i c a l  conduct iv i ty  o f  
weakly and f u l l y  ion ized  plasmas. I t  i s  l imi t ed  t o  gases composed of  e l ec -  
t r o n s ,  n e u t r a l s ,  and s i n g l y  ion ized  p a r t i c l e s ,  and hence i s  appl icable  only 
over  temperature  and pressure  ranges i n  which t h e  e f f e c t s  o f  mult iply ion ized  
spec ie s  are n e g l i g i b l e .  In  t h i s  r epor t  an express ion  o f  t h e  F ros t  type  i s  
developed t h a t  would a l s o  account f o r  t h e  presence o f  mul t ip ly  ion ized  ions i n  
high temperature gases.  The ana lys i s  is presented  i n  a form app l i cab le  to two 
temperature plasmas as w e l l  as t o  plasmas i n  thermal equi l ibr ium. The r e s u l t -  
i ng  expression i s  then  used t o  determine t h e  e l e c t r i c a l  conduct iv i ty  of 
equi l ibr ium a i r  t o  28,OOOO K f o r  dens i ty  r a t i o s  from t o  l o 2 ,  based on 
s tandard  atmospheric dens i ty .  These r e s u l t s  are compared with r e s u l t s  
obtained us ing  a modified Chapman-Enskog f irst  approximation ( r e f s .  3 ,  4 ) .  
DEVELOPMENT OF MIXTURE RULE 
The Fros t  mixture  r u l e  f o r  t h e  e lec t r ica l  conduct iv i ty  o f  a p a r t i a l l y  
ion ized  gas i s  o u t l i n e d  b r i e f l y ,  extended t o  apply t o  gases  containing 
mul t ip ly  ion ized  p a r t i c l e s ,  and modified t o  inc lude  co r rec t ions  f o r  small 
values  of  t h e  loga r i thmic  term i n  t h e  e lectr ical  conduct iv i ty  o f  a f u l l y  
ion ized  plasma. 
The e lectr ical  conduct iv i ty  f o r  a weakly ion ized  gas can be w r i t t e n  
(refs. 5, 6) 
Here e is  t h e  e l e c t r o n  charge, me i s  t h e  e l e c t r o n  m a s s ,  v i s  the  e l e c t r o n  
speed, and fo i s  t h e  i s o t r o p i c  p a r t  o f  t h e  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n  
func t ion .  The form o f  t h i s  d i s t r i b u t i o n  func t ion  w i l l  depend on t h e  magnitude 
o f  t h e  e lec t r ic  f i e l d  s t r e n g t h  inf luenc ing  t h e  charged p a r t i c l e s  ( r e f .  6 ) .  In  
equat ion ( l ) ,  VN 
between e l e c t r o n s  and n e u t r a l  spec ie s .  In  expanded form it i s  w r i t t e n  
i s  t h e  t o t a l  c o l l i s i o n  frequency f o r  momentum t r a n s f e r  
where nn is  t h e  number dens i ty  o f  type  lf-nll  n e u t r a l  spec ies  and oen is t h e  
t o t a l  c o l l i s i o n  c ross  s e c t i o n  f o r  momentum t r a n s f e r  between n e u t r a l  spec ie s  
-n and e l e c t r o n s .  The summation i n  equat ion ( 2 )  i s  over a l l  n e u t r a l  s p e c i e s .  
Fros t  ( r e f .  2)  modified t h e  c o l l i s i o n  frequency i n  equat ion (1) t o  
inc lude  coulombic c o l l i s i o n s  i n  an empir ical  fash ion  such t h a t  t h e  r e s u l t i n g  
expression y i e lded  t h e  c o r r e c t  conduct iv i ty  i n  t h e  completely ion ized  limit 
(ref. 7 ) ,  agreed with equat ion (1) i n  t h e  weakly ion ized  limit, and w a s  con- 
s i s t e n t  with H w a ' s  r e s u l t s  i n  regions between t h e s e  two l i m i t s  ( r e f .  8 ) .  In  
p a r t i c u l a r ,  F ros t  rep laced  VN by vt def ined  as 
where vCF i s  a~ e m p i r i c a l l y  determined coulombic c o l l i s i o n  fr'equency t h a t  
causes' equat ion (1) t o  agree with t h e  Spitzer-Harm ( r e f .  7) r e s u l t  f o r  a f u l l y  
ion ized  gas when t h e  mean i o n i c  charge equals  un i ty .  I t  has been demonstrated 
r ecen t ly  ( r e f .  1)  t h a t  t h e  Frost  conduct iv i ty  express ion  u y i e l d s  r e s u l t s  
t h a t  accu ra t e ly  represent  t h e  e lectr ical  conduct iv i ty  over  t h e  e n t i r e  degree 
o f  i o n i z a t i o n  spectrum. A general  form f o r  VCF i s  developed i n  t h i s  r e p o r t  
which allows uF  (eq. (1) with vt i n  p l ace  o f  vN) t o  agree with t h e  f u l l y  
ion ized  r e s u l t  f o r  a range of  mean i o n i c  charge.  I t  was a n t i c i p a t e d  t h a t  t h i s  
form would y i e l d  an accura t e  conduct iv i ty  expression f o r  gas mixtures composed 
o f  e l e c t r o n s ,  n e u t r a l s ,  and mult iply ion ized  ions .  
2 
F 
The Spitzer-Harm express ion  f o r  t h e  e lectr ical  conduct iv i ty  o f  a f u l l y  
ion ized  gas can be w r i t t e n  (ref. 7) 
8 'E e2 
l-J = - -  
SH J;; B 3  12 m e Z r e e  (4) 
where ree ( 4 1 ~ e ~ / % ~ ) Z n  is  a parameter r e l a t e d  t o  t h e  e l ec t ron -e l ec t ron  
c o l l i s i o n  frequency ( r e f .  6 ) ,  B E me/2kT i s  a parameter a s soc ia t ed  wi th  t h e  
gas temperature ,  and Z ( l / n e ) x  n i Z i 2  i s  an expression f o r  t h e  mean i o n i c  
i 
charge o f  t h e  g a s . l  I n  t h e s e  expressions T i s  t h e  gas temperature;  n i  and 
Zje are t h e  number dens i ty  and charge of  t h e  spec ie s  I l i "  i on ,  r e s p e c t i v e l y ;  
A E (3kT/e2) (kT/4nnee2) 1'2 
[ A D  E ( k T / 4 1 ~ n , e ~ ) " ~ ]  t o  t h e  mean impact parameter f o r  a 90° d e f l e c t i o n  
between an e l e c t r o n  and a s i n g l y  charged ion ;2  and 
t h e  e f f e c t  o f  e l ec t ron -e l ec t ron  c o l l i s i o n s ,  and hence r e l a t e s  t h e  Spitzer-Harm 
conduct iv i ty  express ion  t o  t h a t  f o r  a Lorentz gas .  Equation (4) i s  considered 
t o  be an exact  express ion  because it i s  based on a numerical s o l u t i o n  r a t h e r  
than  th,e usual  t runca ted  s e r i e s  s o l u t i o n  o f  t he  Boltzmann equat ion.  In  i t s  
present  form, however, it is app l i cab le  only t o  gases under t h e  inf luence  o f  
very weak e l e c t r i c  f i e l d s  and hence t h e  gases are i n  thermal e q u i p a r t i t i o n .  
- 
i s  t h e  r a t i o  o f  t h e  Debye length 
yE = yE(Z) accounts f o r  
For t h e  more general  case  of  nonequ ipa r t i t i on  o f  thermal energy ( e l ec t ron  
temperature ,  Te, d i f f e r e n t  from ion  o r  gas temperature) ,  r e s u l t i n g  say ,  from 
t h e  presence o f  a r e l a t i v e l y  s t r o n g  e lec t r ic  f i e l d ,  equat ion (4) remains v a l i d  
provided T i s  rep laced  by Te ( r e f .  6 ) .  
In  ob ta in ing  equat ion (4), S p i t z e r  and H a r m  s e t  t h e  charge a s soc ia t ed  
with t h e  90°. impact parameter equal  t o  u n i t y  i n  t h e  logarithm. 
dependence of  t h i s  impact parameter i s  l e f t  i n  t h e  logar i thmic  term and non- 
e q u i p a r t i t i o n  e f f e c t s  a r e  included i n  t h e  ana lys i s ,  one ob ta ins3  
I f  t h e  charge 
'Contrary t o  t h e  sugges t ion  o f  r e fe rence  7 t o  sum over  only p o s i t i v e  ions 
i n  determining Z ,  it appears t h a t  t h e  sum can be taken over  a l l  ions regard- 
less o f  t h e  s i g n  o f  t h e  charge.  Thus one ob ta ins  a con t r ibu t ion  t o  t h e  con- 
d u c t i v i t y  from t h e  coulombic i n t e r a c t i o n  between e l ec t rons  and t h e  nega t ive ly  
charged ions .  - 
2The term A i s  a l s o  a measure o f  t h e  r a t i o  o f  t h e  number o f  e l e c t r o n s  
i n  a Debye cube t o  t h e  mean i o n i c  charge o f  t h e  plasma and i s  i n v e r s e l y  
r e l a t e d  t o  t h e  e f f e c t i v e  minimum s c a t t e r i n g  angle  f o r  a coulombic encounter .  
Z and T (of  ref. 7) rep laced  by reI/Tee and Te, r e spec t ive ly .  Thus, i n  
3The ana lys i s  and r e s u l t s  o f  re ference  7 w i l l  apply f o r  t h i s  case with 
equat ion  (5) YE = ~ ~ ( r ~ ~ / r ~ ~ ) .  
3 
where 




rei me2 In (&) 
The term given by r e i  
ob ta ined  by means o f  a Rutherford c ross  s e c t i o n  by 
i s  r e l a t e d  t o  t h e  coulombic c o l l i s i o n  frequency 
ni 
"ei = r e i  
Thus we can a l s o  conclude t h a t  c v e i  = ne( re I /v3 ) .  
when a l l  l Z i l  equal  un i ty ,  equat ions (4) and (5) are i d e n t i c a l .  
I t  should be noted  t h a t  
i 
The r e s u l t s  o f  Spitzer-Harm, a r e  v a l i d  t o  t h e  o rde r  o f  (Zn T)-l ( r e f .  1) 
because o f  t h e  t runca t ions  involved i n  t h e  coulombic c o l l i s i o n  i n t e g r a l s  
( r e f .  7) and t h e  use o f  a Debye c u t o f f  i n  t h e  eva lua t ion  o f  t h e  coulombic 
c ross  s e c t i o n s .  S i m i l a r l y ,  equat ion (5) i s  o f  l i m i t e d  accuracy f o r  
Zn(-ii/IziI) 5 10. 
In re ferences  1 and 10 co r rec t ions  f o r  small values  o f  In 1\ a r e  
developed f o r  a f u l l y  ion ized  gas .  The r e s u l t s  a r e  l i m i t e d  t o  values of  
- __ _ _  - .  . . _  
41n a genera l  nonequipar t i t ion  s i t u a t i o n  where e l e c t r o n s  and mul t ip ly  
charged ions  ex i s t  t h e  Debye length  i s  given by 
XD = 1 
1 / 2  
Thus, one might expect t o  inc lude  t h i s  form f o r  
i n  equat ion ( 7 ) .  
involv ing  c o l l i s i o n s ,  t h e  r e l a t i v e  immobility of  ions r e s u l t s  i n  
XD = (kT , /4 i~n ,e~)"~  
equat ion ( 7 ) .  Thus, t h e  form of  r e i  implied by equat ion (7) with Te i n  
p l ace  o f  T i s  app l i cab le  f o r  nonequipar t i t ion  s t u d i e s  of  t r a n s p o r t  
phenomena. 
4 
A D  i n  t h e  eva lua t ion  o f  n However, as Delcroix ( r e f .  9)  po in t s  o u t ,  i n  most ins tances  
be ing  t h e  proper  form f o r  t h e  Debye length t o  use i n  
Z i  = 1 and have included ion  s h i e l d i n g  i n  t h e  c a l c u l a t i o n  o f  t h e  Debye length .  
I n  t h e  p re sen t  paper  t h e  u n i f i e d  theory  o f  Kihara and Aono ( r e f .  11) i s  
u t i l i z e d ,  v i a  t h e  equat ions given by I t ikawa (ref. 12) and t h e  matrix elements 
o f  Daybelge ( r e f .  l o ) ,  t o  ob ta in  a co r rec t ion  f o r  small values  o f  
which i s  v a l i d  f o r  any i o n i c  charge,  Z i .  Also, t h e  effects o f  ion s h i e l d i n g  
are neglec ted  i n  t h e  eva lua t ion  o f  t h e  Debye length  ( see  footnote  4) .  This  
co r rec t ion  when appl ied  t o  equat ion  (5) would y i e l d  
Zn(x/ lZi l )  
where aSHU(N) is t h e  Nth approximation t o  t h e  f u l l y  ion ized  conduct iv i ty  
based on t h e  u n i f i e d  theory ,  and y (N) i s  t h e  co r rec t ion  f a c t o r  t h a t  enables  
aSH 
(The u n i f i e d  theory  i s  v a l i d  as  long as A / / Z i l  >> 1, whereas t h e  Spitzer-Harm 
r e s u l t s  r e q u i r e  Zn(T/ I Z i  I >> 1 .) 
uz 
t o  agree with t h e  u n i f i e d  theory r e s u l t s  when Zn(X/lZil) i s  "small." - 
The second approximation t o  t h e  co r rec t ion  f a c t o r  i s  
(&) re1  
Yuz(2) = 
+ -  4re4  zi - PPJ [ re1  + p . r r e 4 / ~ 2 ) ~ i i 1 2  
%2 f i [ r ee  + ( 4 ~ r e ~ / % ~ ) C ]  + (13/4) [rei + ( 4 ~ r e ~ / % ~ ) Z E ]  
(10) - - - N 
where 
mation w a s  used i n  t h e  present  c a l c u l a t i o n s  because it not  only has a p a r t i c -  
u l a r l y  simple form but  i n  t e s t  c a l c u l a t i o n s  t h a t  inc luded  Z i  = Z = 1 and ion  
s h i e l d i n g ,  i t  agreed wi th in  5 percent  o f  t h e  r e s u l t s  of  r e fe rence  1 for small 
Zn K. I n  add i t ion ,  a t  l a r g e  Zn IT, 0 (2) = 0.978 aSH when Z i  = Z = 1. SHU 
This  accuracy w a s  considered s u f f i c i e n t  f o r  t h e  present  c a l c u l a t i o n s .  A first 
approximation t o  t h e  small 
A = -1.3670, B = -2.0337, C = -0.4478, and D = -1.9824.5 This approxi- 
Zn(X/ I Z i  I )  cor rec t ion  given by 
y i e l d s  poor r e s u l t s ,  e s p e c i a l l y  a t  l a r g e  Zn(X/ I Z i  I ) .  
The genera l ized  form o f  t h e  empir ica l  coulombic c o l l i s i o n  frequency VCF 
i s  obta ined  by equat ing  aF  f o r  a f u l l y  ion ized  gas ,  where fo i s  Maxwellian 
5A similar small Zn(x/IZiI)  co r rec t ion  f a c t o r  based on the  sh i e lded  
coulomb p o t e n t i a l  ( r e f s .  1, 10, 13) Eould y i e l d  an i d e n t i c a l  second-order 
c o r r e c t i o n  except f o r  t h e  cons tan t  C which would become -0.8670. 
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at Te ( r e f .  6 ) ,  with  aSHU(2) from equat ion  (9) .  To assure  agreement w i t h  
t h e  earlier F ros t  r e s u l t  t h e  same v e l o c i t y  and temperature  dependence o f  
reference 2 w i l l  be assumed he re  f o r  UCF; t h a t  i s ,  f o r  s i n g l y  ion ized  ions  
JG uCF = 0.952 -n i r e i  
V2 
( n i  = ne and r e i  = Tee 
ion ized  ions  one can t a k e  f o r  t h i s  e f f e c t i v e  coulombic c o l l i s i o n  frequency 
f o r  t h i s  ca se ) .  Thus, f o r  a plasma of mul t ip ly  
The c o e f f i c i e n t  CF, t o  be determined, enables  u F  t o  equal  uSHU(2) f o r  a 
f u l l y  ion ized  gas. Under t h e s e  condi t ions  
ion ized  
A comparison o f  equat ion  (12) with (9) and (5) r evea l s  t h e  fo,,awing 
express ion  f o r  CF 
Thus, if 
determined. 
yE = yE(reI / reJ  and yuz are known, CF = CF(reI / ree)  can be 
S p i t z e r  and H a r m  t a b u l a t e d  yE(Z) f o r  a wide range of  Z .  The l a r g e s t  
roo t  o f  t h e  fol lowing q u a d r a t i c  express ion  accu ra t e ly  r ep resen t s  t h e i r  t a b u l a r  
values  over  a range o f  Z from 1 t o  4. 
Y E  - 1.0610 yE  - 0.0207 Z + 0.2995 = 0 (14) 
This  expression a l s o  r ep resen t s  yE = y ( r  /r  ) when Z i s  rep laced  by 
reI/Tee 
b in ing  equat ions (14) and (13) y i e l d s  t h e  fol lowing r e s u l t s .  
E e1 ee 
i n  t h e  ana lys i s  o f  re ference  7.  Thus, with t h i s  s u b s t i t u t i o n ,  com- 
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For most plasmas o f  i n t e r e s t ,  it i s  a good approximation t o  t ake  
and hence reI = Zree. A t  yery high temperatures ,  however, depending upon t h e  
r e l a t i v e  number d e n s i t i e s ,  t h e  presence o f  mul t ip ly  ion ized  ions  may cause t h e  
second term i n  equat ion  (6) t o  be s i g n i f i c a n t .  
Z i  = Z = 1 
I t  i s  a l s o  p o s s i b l e  t o  have l Z i l  = 1 such t h a t  t h e  second term i n  equa- 
t i o n  (6) vanishes  whi le  t h e  mean i o n i c  charge Z i s  g r e a t e r  than un i ty .  This  
s i t u a t i o n  w i l l  occur i n  a plasma i n  which a l a r g e  percentage o f  nega t ive ly  
( s ing ly)  charged ions  i s  p resen t .  I n  fact, it occurs  f o r  a i r  a t  t h e  h ighe r  
pressures  and lower temperatures  i l l u s t r a t e d  below, i n d i c a t i n g  t h e  importance 
o f  inc luding  nega t ive ly  charged ions  i n  t h e  eva lua t ion  Z .  
RESULTS AND DISCUSSION 
The foregoing development i s  general  and t h e  r e s u l t i n g  conduct iv i ty  
expression f o r  oF 
s t r o n g  e l e c t r i c  f i e l d s  ( r e f .  6 ) .  The r e s u l t s  t h a t  fo l low,  however, are based 
on c a l c u l a t i o n s  f o r  equi l ibr ium a i r  only.  This  l i m i t a t i o n  implies  t h a t  
Te = T i n  t h e  preceding equat ions and t h a t  t h e  d i s t r i b u t i o n  func t ion  fo o f  
equat ion (1) i s  MaxwePlian. 
i s  v a l i d  f o r  any gas,  even when s u b j e c t  t o  r e l a t i v e l y  
In p re sen t ing  t h e  r e s u l t s ,  w e  f i r s t  cons ider  values  of  aF  f o r  
equi l ibr ium a i r  and compare them wi th  conduc t iv i t i e s  obtained by o the r  schemes. 
Next t h e  e f f e c t s  o f  mean i o n i c  charge v a r i a t i o n  and t h e  small 
c o r r e c t i o n  on t h e  conduct iv i ty  o f  a f u l l y  ion ized  gas are discussed.  Then 
conduct iv i ty  r e s u l t s  based on var ious c a l c u l a t i o n  schemes a r e  given as func- 
t i o n s  of  p re s su re  and temperature .  F ina i ly  miscellaneous t o p i c s  a r e  evaluated,  
such as how t h e  use of  t h e  coulombic c o l l i s i o n  frequency r a t i o  ( re I / ree)  
r a t h e r  than t h e  mean i o n i c  charge (Z) a f f e c t s  t h e  eva lua t ion  of  OSH; when t h e  
f u l l y  ion ized  conduct iv i ty  expressions y i e l d  accu ra t e  r e s u l t s  f o r  p a r t i a l l y  
ion ized  gases;  and t h e  con t r ibu t ion  of nega t ive ly  charged ions on t h e  
conduct iv i ty  c a l c u l a t i o n s .  
Zn(K/[Zi [ )  
Evaluat ion of Mixture Rule 
The express ion  f o r  oF ((1)  with vt  i n  p l a c e  of  vN) was used t o  
eva lua te  t h e  e l e c t r i c a l  conduct iv i ty  of equi l ibr ium a i r  f o r  t h e  temperature 
and s tandard  atmospheric dens i ty  r a t i o  ranges o f  3,000° t o  28,000' K and 
t o  lo2 ,  r e spec t ive ly .  
The r e s u l t s  o f  t h e  e lectr ical  conduct iv i ty  c a l c u l a t i o n s  f o r  a i r  a r e  
presented  i n  t a b l e s  1-9 and f i g u r e s  1 and 2 .  The spec ie s  considered i n  t h e  
a i r  c a l c u l a t i o n s  were N 2 ,  N 2 + ,  NO,  NO+, 0 2 ,  02+, N ,  N', N + 2 ,  N + 3 ,  0 - ,  0, O+, 
0+2,  0+3,  A,  A', A+2,  A + 3 ,  and e. 
ob ta ined  from re fe rences  14 and 15. The coulomb c o l l i s i o n  frequencies  were 
determined as descr ibed  above. The c ross  s e c t i o n s  f o r  e l e c t r o n s  with 0 2 ,  NO, 
0, and N were obtained from re fe rences  16 through 19 and 4 .  A t  e l e c t r o n  
Thei r  equi l ibr ium concent ra t ions  were 
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energ ies  below 0.16 e V ,  t h e  e-02 cross  s e c t i o n  w a s  assumed t o  be constant  a t  
t h e  value corresponding t o  0.16 eV. 
and A were obta ined  from references  20 and 21. 
The c ross  s e c t i o n s  f o r  e l ec t rons  with N2 
The electrical conduct iv i ty  of  equi l ibr ium air ,  ca l cu la t ed  according t o  
For comparison, t h e  e l e c -  t h e  scheme o u t l i n e d  above, is  presented  i n  t a b l e  1. 
t r ical  conduct iv i ty  of a i r  based on t h e  Chapman-Enskog first approximation 
modified t o  agree wi th  
( r e f s .  3,  4) i s  given i n  table 2.  So far  r e s u l t s  obtained by t h i s  l a t t e r  
method have been considered t o  be fa i r ly  accura t e .  The d a t a  from t a b l e s  1 
O ~ H  (as given by eq.  (4)) f o r  t h e  f u l l y  ion ized  case 
! a r e  compared i n  f i g u r e  1 a t  two d e n s i t i e s .  As is  apparent from t h i s  
- Mixture rule, U F  
Ref 22 (po = 1.293x 10'3g/cm3) 
---- Modified C.E. 1st approx. 
---- Mixture rule , zF, uncorrected 
for small In A 
p,= 1.225x10-3g/cm3 
1 - L  I I 1 I 
8 12 16 20 24 28x 103 
Temperatup, OK 
f i g u r e ,  a consiherable  d i f f e rence  
can e x i s t  i n  t h e  conduct iv i ty  calcu-  
l a t e d  by these  two methods. 
w i l l  be  shown subsequently t h a t  t h e  
b e s t  agreement between t h e  methods 
should occur when Zn n i s  l a r g e ,  
Z i s  about un i ty ,  and v e i  >> v N .  
This i s ,  o f  course,  evident  from 
t h e  t a b l e s .  
I t  
A l l  t h e  previously mentioned 
spec ie s  were included i n  t h e  r e s u l t s  
presented  i n  t a b l e  2 .  The c o l l i -  
s i o n  i n t e g r a l s  ( r e f .  4) o r  mean 
e f f e c t i v e  cross  sec t ions  ( r e f .  3) 
needed t o  eva lua te  t h e  conduct iv i ty  
based on t h e  Chapman-Enskog first 
approximation were evaluated 
d i r e c t l y  from t h e  c ross -sec t ion  
sources  c i t e d  above. (This proved 
necessary because sample ca lcu la-  
t i o n s  ind ica t ed  some d iscrepancies  
i n  t h e  electron-atom c o l l i s i o n  
i n t e g r a l s  presented  i n  r e f .  4.) 
As a f u r t h e r  comparison, 
f i g u r e  1 a l s o  contains  r e s u l t s  from 
reference  22 i n  which t h e  c ross  
sec t ions  f o r  e l ec t ron -neu t r a l  p a r t i -  
c l e s  were eva lua ted  at  t h e  mean 
thermal energy of  the  e l ec t rons  
Figure 1.- Comparison of methods of calculating the 
electrical conductivity of equilibrium air at two 
densities. 
i n s t e a d  of  being i n t e g r a t e d  over t h e  e l e c t r o n  co l l i s ion- f requency;  and an addi- 
t i v e  r u l e  t h a t  t r e a t e d  t h e  ion ized  components of t h e  e l ec t ron  r e s i s t i v i t y  as 
being d i s t ingu i shed  by t h e i r  degree o f i o n i z a t i o n  was used t o  determine t h e  
r e s i s t i v i t y  of  t h e  air .  The spec ie s  number d e n s i t i e s  and t h e i r  cross  s e c t i o n s  
were taken from references  o t h e r  than those  used he re in .  In view of t hese  
d i f f e rences ,  which should a f f e c t  numerical magnitudes, it i s  somewhat s u r p r i s -  
i n g  t h a t  t h e  r e s u l t s  of  re ference  22 and those  o f  t h e  present  work agree as 
w e l l  as shown. The agreement, however, should not  be i n t e r p r e t e d  as a v e r i f i -  
ca t ion  o f t h e  accuracy o f  t h e  method used i n  re ference  22.  I t  i s  important t o  
note  t h a t  t h e  temperature i n t e r v a l s  used i n  t h e  p re sen t  ca l cu la t ions  revea led  
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changes (d iscussed  i n  t h e  next  s ec t ion )  i n  t h e  temperature dependence o f  t h e  
e lectr ical  conduct iv i ty  a t  lower d e n s i t i e s  t h a t  were masked by t h e  r a t h e r  
l a r g e  temperature  i n t e r v a l s  (6000O K) used i n  r e fe rence  2 2 .  
Effect o f  Mean I o n i c  Charge Var ia t ion  and 
Small Zn (K/ I Z i  I Correct ion 
In  f i g u r e  1 t h e  reg ion  where t h e  e lectr ical  conduct iv i ty  i s  i n s e n s i t i v e  
t o  changes i n  temperature  corresponds t o  a reg ion  where t h e  e f f e c t i v e  e l e c t r o n  
c o l l i s i o n  c ros s  s e c t i o n  inc reases  as a r e s u l t  o f  i n t e r a c t i o n  wi th  doubly 
ion ized  atoms. I t  i s  a reg ion  where t h e  mean i o n i c  charge inc reases  r ap id ly  
with temperature.  To t h e  l e f t  o f  t h e  reg ion  t h e  gas is f u l l y  s i n g l y  ion ized  
while  t o  t h e  r i g h t  t h e  mean i o n i c  charge is  2 ,  i n d i c a t i n g  t h a t  t h e  gas i s  
e f f e c t i v e l y  doubly ion ized .  T a b l e  3 i l lust rates  t h e  v a r i a t i o n  o f  mean i o n i c  
charge f o r  t h e  range of  temperatures and d e n s i t i e s  considered h e r e i n .  These 
values  o f  Z were ca l cu la t ed  from number d e n s i t i e s  ob ta ined  from t h e  tabula-  
t i o n s  and p l o t s  of  re ferences  14 and 15. Hence, values  o f  Z less than  1 
rep resen t  p o s s i b l e  p l o t t i n g  and reading  e r r o r s  as well as numerical  round-off 
e r r o r s .  Such small d i screpancies  are thought t o  have a n e g l i g i b l e  e f f e c t  on 
t h e  r e s u l t s  i n  view o f  o t h e r  u n c e r t a i n t i e s  ( i . e . ,  c ross  s e c t i o n  da ta )  i n  t h e  
ana lys i s .  Zn(x/ I Z i  I ) correc-  
t i o n  term i s  a l s o  shown i n  f i g u r e  1. 
co r rec t ions  should be included i n  t h e  conduct iv i ty  r e s u l t s  as they  have been 
i n  t a b l e  1. In t a b l e  5 values  o f  yuz are presented .  As mentioned i n  t h e  
ana lys i s  t h e  express ion  f o r  y becomes i n v a l i d  when A / l Z i l  i s  of  o r d e r  1. 
Thus, a t  high temperatures andU2ens i t ies ,  when 
i t y  of  t h e  ca l cu la t ed  values  o f  yuz can be quest ioned.  In  f ac t ,  f o r  t h e s e  
cases equat ion (10) y i e l d s  very l a r g e  - o r  even negat ive  - values  o f  
Hence, i t  w a s  decided t o  s e t  yuz equal  t o  un i ty  when t h e  r e s u l t s  o f  equa- 
t i o n  (10) were u n r e a l i s t i c  (see t a b l e  5 ) .  For t hese  cases, p re sen t  t h e o r i e s  
are inadequate for determining t h e  e l e c t r i c a l  conduc t iv i ty ,  bu t  t h e  e r r o r  i n  
OF should not  be too  severe  because t h e  degree o f  i o n i z a t i o n  i s  such t h a t  t h e  
e l ec t ron -neu t r a l  encounters con t ro l  t h e  conduct iv i ty  i n  t h e s e  cases .  
The e l e c t r i c a l  conduct iv i ty  without  t h e  small 
Table 4 i n d i c a t e s  t h a t  small In  T 
- 
Zn n is  about u n i t y  t h e  va l id -  
yuz. 
A t  low d e n s i t i e s  Zn 1\ i s  t h e  order  o f  10 ( t a b l e  4 ) ;  hence, t h e  
co r rec t ion  f a c t o r  yuz i s  nea r ly  un i ty  ( t a b l e  5 ) .  Consequently, i n  f i g u r e  1 
t h e  c o r r e c t i o n  t o  the  mixture r u l e  f o r  small values  o f  
f o r  p / p o  
c o r r e c t i o n  appears s i g n i f i c a n t .  
Zn(T/IZiI) i s  negl ig ib le  
o f  10-6;whereas a t  t h e  h ighe r  dens i ty  r a t i o  i n  t h i s  f i g u r e ,  t h e  
%pec ia l  p recaut ions ,  such as r e p l o t t i n g  t h e  number d e n s i t i e s  and cross  
s e c t i o n s  taken from t h e  re ferences  and comparing them with t h e  o r i g i n a l s ,  were 
taken t o  l o c a t e  and minimize t h e  human errors t h a t  are bound t o  occur  through- 
out  t h e  bookkeeping a s soc ia t ed  wi th  t h i s  problem. 
d e n s i t i e s ,  c ross  s e c t i o n s ,  and t h e  numerical  procedure employed, t h e  uncer- 
t a i n t y  o f  t h e  p re sen t  r e s u l t s  i s  considered t o  be less than  2 percen t .  
On t h e  b a s i s  of  t h e  number 
9 
I -  .- . . .  
Comparison o f  Methods f o r  Ca lcu la t ing  Conductivity 
f o r  a Range o f  Pressures  and Temperatures 
In  t a b l e  6 t h e  r e s u l t s  i n  t a b l e  1 have been converted t o  a temperature 
and p res su re  dependence by an  equat ion  o f  s t a t e .  The new resu l t ' s  were 
obta ined  by determining t h e  d e n s i t y  f o r  a f i x e d  p res su re  and temperature and 
then  e x t r a c t i n g  t h e  conduct iv i ty  from t a b l e  1 by a logar i thmic  i n t e r p o l a t i o n  
scheme. S i m i l a r  r e s u l t s  are t a b u l a t e d  f o r  t h e  o t h e r  e lectr ical  conduct iv i ty  
c a l c u l a t i o n  methods. 
t r i b u t i o n s  t o  t h e  a i r  conduc t iv i ty  as determined by equat ions (4) and (S), 
r e spec t ive ly .  A t  t h e  h ighe r  temperatures t h e  e f fec t  of  t h e  charge-dependent 
impact parameter i n  t h e  logari thm o f  OSH i s  important .  This  effect  
inc reases  with i n c r e a s i n g  temperature and decreases  with inc reas ing  p res su re .  
Column C i s  t h e  e lec t r ica l  conduct iv i ty  c a l c u l a t e d  us ing  t h e  
r u l e  b u t  without  t h e  c o r r e c t i o n  f o r  small values  of Zn(x/ I Zip) .  Columns D 
and E p re sen t  small 
t i o n  t o  t h e  conduc t iv i ty ,  aSHU, and f o r  t h e  mixture  r u l e ,  O F ,  r e spec t ive ly .  A 
comparison of columns B with D and C wi th  E r evea l s  t h e  magnitude o f  t h e  small 
Zn(x/ lZi l )  co r rec t ion .  
by d iv id ing  numbers i n  column D by those  i n  column B .  This small Zn n 
cor rec t ion  f a c t o r  i s  n e g l i g i b l e  a t  t h e  lower p re s su res  and temperatures given 
he re  bu t  becomes inc reas ing ly  s i g n i f i c a n t  a t  t h e  h igh  temperatures  as t h e  
p re s su re  i n c r e a s e s .  A t  more moderate temperatures  yUz i s  s i g n i f i c a n t  f o r  
a l l  t h e  p re s su res  t abu la t ed .  The comparison o f  column B with D and C with E 
a l s o  i l lustrates  how t h e  dominant c o n t r i b u t o r  t o  v a r i e s  from e l e c t r o n -  
n e u t r a l  i n t e r a c t i o n s  t o  coulombic type i n t e r a c t i o n s  with inc reas ing  tempera- 
t u r e .  
modified Chapman-Enskog f i rs t  approximation ( t a b l e  2 ) .  They have not  been 
co r rec t ed  f o r  small 
and t h e r e f o r e  are forced  t o  agree with column A r e s u l t s  when t h e  gas i s  nea r ly  
f u l l y  ion ized .  
a conduct iv i ty  of only 0.506 OSH when f u l l y  ion ized .  This r e s u l t  i s  apparent 
from equat ions (9) and (10) f o r  l a rge  
Columns A and B o f  t a b l e  6 r ep resen t  t h e  coulombic con- 
r e s e n t  mixture 
Zn(T/IZiI) co r rec t ed  r e s u l t s  f o r  t h e  coulombic contr ibu-  
The value o f  yuz(2) f o r  t hese  cases can be obtained 
oF 
The r e s u l t s  presented  i n  column F are based on the  prev ious ly  mentioned 
Zn(x/ I Z i  I )  o r  charge-dependent impact-parameter effects  
(An  unmodified Chapman-Enskog f i rs t  approximation would y i e l d  
Zn(x/I Z i  I )  .) 
In  add i t ion ,  f o r  i o n i c  charges o t h e r  than  u n i t y  us ing  equat ion (4) r a t h e r  
than (5) f o r  uSH 
o f  column C and those  of  column F when t h e  gas i s  f u l l y  ion ized .  
leads t o  t h e  disagreement between t h e  mixture r u l e  r e s u l t s  
A t  lower temperatures  and consequently lower degrees o f  i o n i z a t i o n ,  t he  
mixture r u l e  given by aF  becomes "exact." That i s ,  OF becomes i d e n t i c a l  t'o 
equat ion (1) which i s  an exac t  s o l u t i o n  f o r  t h e  e lec t r ica l  conduct iv i ty  i n  t h e  
l i m i t  o f  a weakly ion ized  gas .  Hence, columns C and E of  t a b l e  6 w i l l  agree 
with each o t h e r  b u t  w i l l  d i sagree  considerably with r e s u l t s  given i n  column F 
a t  low temperatures because t h e  Chapman-Enskog first approximation t o  the  e l ec -  
t r i c a l  conduct iv i ty  does not  reduce t o  equat ion  (1) i n  t h e  weakly ion ized  
limit. This same comment holds  f o r  h ighe r  Chapman-Enskog approximations 
(e .g . ,  r e f .  1 i n  which t h e  t w e l f t h  approximation was employed). 
In  f i g u r e  2 t h e  conduct iv i ty  f o r  p re s su res  o f .O .1  and 10.0 atmospheres i s  
p l o t t e d  from f o u r  sources  for f u r t h e r  comparison: Curves 1 correspond t o  t h e  



























from column C; and curve 4 is  
taken from t h e  well-used r e s u l t s  
i n  re ference  4 .  The i n f l e c t i o n  a t  
t h e  h igher  temperatures of t h e  low 
pressure  curves corresponds t o  t h e  
region where t h e  mean i o n i c  charge 
increases  r ap id ly  with temperature 
from 1 t o  2 .  The e l e c t r i c a l  con- 
d u c t i v i t y  i n  t h i s  region i s  the re -  
f o r e  r e l a t i v e l y  i n s  ens it ive  t o  
temperature changes. A t  t h e  h igher  
p re s su re ,  t h e  gas i s  no t  y e t  f u l l y  
doubly ion ized;  consequently,  t h e  
conduct iv i ty  is  s t i l l  s e n s i t i v e  t o  
temperature changes a t  t h e  h ighes t  
temperatures shown. Curve 4 i s  
included i n  the  f i g u r e  t o  i l l u s -  
t r a t e  t h e  e f f e c t s  of  sone of t h e  
u n c e r t a i n t i e s  ( spec ies ,  number 
d e n s i t i e s ,  and cross  sec t ions )  
discussed previous ly .  
Mixture rule, uF 
--- uF. uncwrected for_ 
small values of In A 
- _----- Modified Chapman- Enskog 
first approximation 
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Addit ional  Observations Regarding Conductivity Expressions 
reI/ree v s .  Z- As previous ly  discussed i n  regard t o  columns A and B of  
t a b l e  6 ,  using t h e  coulombic c o l l i s i o n  frequency r a t i o  
ana lys i s  r a t h e r  than t h e  mean i o n i c  charge Z 
d i t i o n s  leads  t o  d i f f e rences  i n  t h e  value of GSH of about 10 percent  a t  low 
p res su res  and high temperatures .  These d i f f e rences  r e s u l t  p r imar i ly  from t h e  
second term on the  r i g h t  hand s i d e  of equat ion ( 6 )  r a t h e r  than from YE 
because Y E ( Z ) ,  even though 
r e I / r e e  can d i f f e r  by about 10 percent  from Z .  Furthermore, YE changes 
with i t s  argument t o  compensate somewhat f o r  t he  e f f e c t s  of  t h e  argument 
changes [I'eI/I'ee v s .  Z ]  on GSH. These e f f e c t s  a r e  i l l u s t r a t e d  when 
t a b l e s  7(a)  and 7 (b ) ,  and equat ion (14) a r e  compared with t a b l e  3 .  When t h e  
small l n  co r rec t ions  a r e  n e g l i g i b l e ,  t hese  t a b l e s  a l s o  d e l i n e a t e  t h e  
regions where equat ion (4) can be appl ied,  i n  l i e u  of  t h e  more complicated 
expression of  equat ion (S) ,  t o  determine oSH. 
reI/ree i n  the  
f o r  t he  p re sen t  range of con- 
Y E ( ~ ~ I / ~ ~ ~ )  d i f f e r s  by only about 2 percent  from 
Effect of small electron-neutral to coulombic colZision frequency ratio- 
When t h e  gas i s  almost f u l l y  ion ized ,  equat ion (9) f o r  oSHU should give 
r e s u l t s  t h a t  agree with t a b l e  1. Values o f  aSHU(2) a r e  given i n  t a b l e  8 f o r  
equi l ibr ium a i r .  Based on a comparison of t a b l e s  8 and 1, one concludes t h a t  
t he  conduct iv i ty  behaves as i f  t h e  gas were f u l l y  ion ized  a t  low pressures  and 
11 
I 
high temperatures .  
i s  shown t h a t  when 
should be  given by aSH. 
These r e s u l t s  agree with r e fe rences  6 and 23  i n  which i t  
V N / V ~ ~  << 1 t h e  e lectr ical  conduct iv i ty  of  a plasma 
I n  table 9 approximate values  o f  
The c o l l i s i o n  frequency, vN, i s  based on t h e  mean e f f e c t i v e  
vN/vei are t a b u l a t e d  as a func t ion  o f  
vei  
dens i ty  r a t i o .  
c o l l i s i o n  c ross  s e c t i o n  def ined  i n  r e fe rences  4 and 24; and i s  an effec- 
t i v e  c o l l i s i o n  frequency between e l ec t rons  and t h e  s i n g l y  charged ions  t h a t  is 
def ined  i n  r e fe rences  3 and 4 .  I t  i s  apparent  from t a b l e s  1, 8,  and 9 t h a t  
whenever vN/vei 5 5 ~ 1 0 - ~ ,  t h e  a s ~ ~ ( 2 )  conduct iv i ty  agrees  with a F  wi th in  
2 percen t .  S ince  it i s  much easier t o  eva lua te  O S H U ( ~ )  than  oF it i s  use- 
f u l  t o  know when one can r e l y  s o l e l y  upon equat ion  (9) o r  (5), depending on 
s i z e  of 
be f u l l y  ion ized .  
Effect  of negativezy charged ions- A s  mentioned i n  t h e  ana lys i s  s e c t i o n ,  
i t  i s  p o s s i b l e  t o  have l Z i l  = 1 
than un i ty .  This s i t u a t i o n  occurs for a i r  a t  high p res su res  and low tempera- 
t u r e s  when t h e  number dens i ty  of 0- exceed.s t h a t  o f  t h e  e l ec t rons  ( r e f .  14) .7 
(See t a b l e  3 . )  Thus, t h e  conservat ion o f  charge i s  s a t i s f i e d  but  ne i s  not  
equal  t o  n i  when summed over p o s i t i v e  charges i n  t h i s  i n s t ance .  For t h e s e  
cases  t h e  e l e c t r o n s  have coulombic i n t e r a c t i o n s  with a l a r g e r  number o f  p a r t i -  
cles than they would o r d i n a r i l y  if only p o s i t i v e  charges e x i s t e d .  Hence, i t  
i s  n e a r l y  as i f  t h e  e l ec t rons  were i n t e r a c t i n g  with fewer spec ie s  bu t  each 
having a l a r g e r  p o s i t i v e  charge.  
Zn(x / lZ i l ) ,  t o  c a l c u l a t e  t h e  conduct iv i ty  even though the  gas may no t  
whi le  t h e  mean i o n i c  charge Z i s  g r e a t e r  
i 
This  l a r g e r  e f f e c t i v e  mean i o n i c  charge Z diminishes t h e  e f f e c t  o f  
e l ec t ron -e l ec t ron  i n t e r a c t i o n s  because the  c ros s  s e c t i o n  f o r  coulombic c o l l i -  
s ions  inc reases  with Z i 2 .  Hence, yE + 1 and CF + SA/16yuz. A similar 
r e s u l t  i s  mentioned i n  re ference  7 where it i s  shown t h a t  as Z + a, OSH 
approaches t h e  express ion  f o r  a Lorentz gas.  
CONCLUDING REMARKS 
The F ros t  mixture  r u l e  f o r  c a l c u l a t i n g  the  e l e c t r i c a l  conduct iv i ty  of  
p a r t i a l l y  ion ized  gases has  been extended t o  apply t o  plasmas i n  which a 
va r i ed  mixture o f  n e u t r a l s  and mul t ip ly  ion ized  p a r t i c l e s  might e x i s t .  
e f f e c t i v e l y  f u l l y  ion ized  plasmas, t h e  Spitzer-Harm equat ion ,  modified (1) t o  
inc lude  con t r ibu t ions  o f  mul t ip ly  ion ized  spec ie s  t o  t h e  impact parameter f o r  
l a rge  an l e  c o l l i s i o n s  and (2) t o  account f o r  t h e  effects o f  small values  of  
Zn(x/ I Z i B , ,  remains v a l i d  and easy t o  apply.  The usefu lness  o f  t h e  mixture 
r u l e  i s  e s p e c i a l l y  apparent when t h e  e l e c t r i c a l  conduct iv i ty  must be  de t e r -  
mined over  a wide range of  i o n i z a t i o n  o r  temperature .  
For  
For these  cases ,  it i s  
_ _ _  - - _  ~- 
7Recent s t u d i e s  have ind ica t ed  t h a t  NO; r a t h e r  than 0- i s  t h e  dominant 
spec ie s  i n  determining e l e c t r o n  concent ra t ions  a t  t h e s e  pressures  and tempera- 
t u r e s  ( r e f .  2 5 ) ,  and t h e r e f o r e  should be  inc luded  i n  any f u t u r e  c a l c u l a t i o n s  
of t h i s  na tu re .  
1 2  
I 
p o s s i b l e  with one equat ion o r  computation procedure t o  ob ta in  accura te  con- 
d u c t i v i t i e s  over t h e  e n t i r e  range o f  t he  degree o f  i o n i z a t i o n  f o r  var ious  
values  o f  t h e  mean i o n i c  charge.  
Although t h e  r e s u l t s  given are f o r  a i r  i n  thermal equi l ibr ium,  t h e  
equat ions used are app l i cab le  t o  t h e  more general  nonequ ipa r t i t i on  case. 
spec ie s  composition would have t o  be determined s p e c i f i c a l l y  f o r  i nd iv idua l  
cases when t h e  e l e c t r o n  and gas temperatures are n o t  t h e  same. 
The 
The present  c a l c u l a t i o n s  were n o t  adequate f o r  a s ses s ing  the  s i g n i f i c a n c e  
o f  t h e  second term on t h e  r i g h t  hand s i d e  of equat ion (6) f o r  a real  gas.  
w a s  shown i n  t h e  d iscuss ion  o f  t a b l e s  3 and 7 t h a t  f o r  t h e  range of  condi t ions  
ca l cu la t ed ,  t h i s  t e r m  could account f o r  about 10 pe rcen t  of  A t  tempera- 
t u r e s  o f  t h e  o rde r  l o 5  OK, l a r g e  numbers o f  mul t ip ly  ion ized  spec ies  should 
exist. Extending t h e  computation technique developed i n  t h e  present  r e p o r t  t o  
t h e s e  h ighe r  temperatures w i l l  provide an ample real gas t e s t  o f  t h e  accuracy 
o f  equat ion  ( 6 )  versus i t s  t runca ted  (rei x Zree) vers ion .  
I t  
OSH. 
F ina l ly ,  t he  theory o f  Spitzer-Harm (which leads  t o  eq .  (4)) becomes 
inaccura t e  f o r  small values  of  Zn (x/ I Z i  I ) . 
evalua ted  f o r  each i n t e r a c t i o n  f o r  t h e  densi ty- temperature  ranges under con- 
s i d e r a t i o n  t o  determine when small Zn 1\ 
subsequent ca l cu la t ions .  
co r rec t ions  has been i l l u s t r a t e d  and used i n  t h i s  paper ,  t h e  method i s  by no 
means considered t o  be t h e  last  word on the  s u b j e c t .  F o r  example, i n  r e f e r -  
ence 1 two o t h e r  small co r rec t ion  procedures are presented  for t h e  
Z = 1 case. The ques t ion  o f  whether or no t  t o  inc lude  t h e  e f f e c t s  of  i on  
s h i e l d i n g  i n  such a co r rec t ion  has not  been reso lved  s a t i s f a c t o r i l y .  
more, t h e r e  may be regions o f  i n t e r e s t  i n  which t h e  v a l u e  o f  
even sma l l e r  than can be t r e a t e d  by these  so -ca l l ed  small 
procedures .  
Hence t h i s  parameter should be 
co r rec t ions  should be appl ied t o  
While a method of  t r e a t i n g  such small Zn n 
Zn fl 
Further-  
Zn(K/IZiI) i s  
Zn n cor rec t ion  
Ames Research Center  
Nat ional  Aeronautics and Space Administration 
Moffett F i e ld ,  Ca l i f . ,  94035, June 1, 1970 
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TABLE 1 .- ELECTRICAL CONDUCTIVITY (mhoslm) OF AIR IN THERMODYNAMIC EQUILIBRIUM 
BASED ON THE MIXTURE RULE FOR OF 
Density ratios (p /po where po = 1.225X l(r3 g/cm3) 















































2.81 10E 03 






























9.971 5E 03 
1.2836E 04 
1.5556E 04 
1.791 6E 04 































TABLE 2.- ELECTRICAL CONDUCTIVITY (mhoslm) OF AIR IN THERMODYNAMIC EQUILIBRIUM 
BASED ON THE MODIFIED CHAPMAN-ENSKOG FIRST APPROXIMATION 
Density ratios @ / p 0  where po = 1.225X l(r3 g/cm3) 
10-6 10-5 10-4 10-3 10-2 10-1 1 oto 10+1 
9.8307E-01 5.5041E-01 2.9769E-01 1.3909E-01 5.2044E-02 1.7257E-02 5.4152E-03 1.6038E-03 
3.2966E 01 1.9750E 01 1.1426E 01 6.4557E 00 3.4941E 00 1.6414E 00 6.0512E-01 1.8222E-01 
7.0634E 02 6.1444E 02 4.1256E 02 2.2424E 02 1.2595E 02 7.1613E 01 3.8079E 01 1.6178E 01 
1.3976E 03 1.4995E 03 1 S613E 03 1.4805E 03 1.1020E 03 5.7935E 02 2.8903E 02 1.4184E 02 
2.0343E 03 2.3223E 03 2.5830E 03 2.8013E 03 2.8374E 03 2.3541E 03 1.3093E 03 5.7142E 02 
2.5918E 03 3.0463E 03 3.5008E 03 4.0599E 03 4.6031E 03 4.6313E 03 3.7308E 03 1.8952E 03 
3.1691E 03 3.7546E 03 4.4714E 03 5.3877E 03 6.3838E 03 7.0880E 03 6.51 18E 03 4.2102E 03 
3.5941E 03 4.4032E 03 5.3100E 03 6.4573E 03 7.9651E 03 9.3467E 03 9.7735E 03 7.6067E 03 
3.41 14E 03 4.9025E 03 6.0764E 03 7.4814E 03 9.4776E 03 1.1724E 04 1.3221E 04 1.1624E 04 
3.3690E 03 4.7389E 03 6.5993E 03 8.4854E 03 1.0894E 04 1.3990E 04 1.6610E 04 1.6163E 04 
3.5886E 03 4.5422E 03 6.6332E 03 9.4040E 03 1.2226E 04 1.6009E 04 2.0190E 04 2.0705E 04 
3.9922E 03 4.7299E 03 6.5037E 03 9.7864E 03 1.3402E 04 1.7973E 04 2.3438E 04 2.5532E 04 
4.3388E 03 5.1526E 03 6.5850E 03 9.5223E 03 1.4225E 04 1.9772E 04 2.6491E 04 3.0631E 04 









3.221 1E 03 
5.3569E 03 



































































































1.1 868E 01 
1.0347E 01 












L'ABLE 3.- MEAN IONIC CHARGE Z OF EQUILIBRIUM AIR 


























1.01 10E 00 

















































TABLE4.-VALUES OF ZnA FOR EQUILIBRIUM AIR 















































8.975 1E 00 
7.0009E 00 
5.493 5E 00 
4.7585E 00 
4.0545E 00 





































1.01 1 6E 00 
1.0078E 00 































































TABLE 5.- VALUES OF SMALL ln(A/IZil) CORRECTION FACTOR yuz(2) FOR EQUILIBRIUM AIR 








1.01 63E 00 
.0106E 00 
.0065E 00 

















1.01 13E 00 









































.08 12E 00 
.0777E 00 
.0734E 00 
.0681 E 00 
.06 1 OE 00 
.0551E 00 
10-1 
1.0095 E 00 
1.0186E 00 
1.0386E 00 
1.05 30E 00 
1.0737E 00 
1.0935E 00 

















.O 166E 00 
.0456E 00 









1.3 154E 00 
1.3021E 00 






























TABLE 6.- ELECTRICAL CONDUCTIVITY OF EQUILIBRIUM AIR AT NUMEROUS PRESSURES AND TEMPERATURES 
CALCULATED ACCORDING TO METHODS DESCRIBED IN THE TEXT 
Temperature, 





0.1 OOOE 05 
0.1200E 05 
0.1400E 05 




















































































0.2594E 03 0.7568E-01 
0.4853E 03 0.5562E 01 
0.1052E 04 0.1737E 03 
0.1879E 04 0.1213E 04 
0.2973E 04 0.2685E 04 
0.41 01 E 04 0.4000E 04 
0.5194E 04 0.5158E 04 
0.6090E 04 0.6076E 04 
0,6948E 04 0.6942E 04 
0.7707E 04 0.7704E 04 
0.8177E 04 0.8174E 04 
0.8250E 04 0.8248E 04 
0.8154E 04 0.8152E 04 
0.8354E 04 0.8352E 04 
(b) Pressure = 0.2 atm 
0.4989E 03 0.4539E 01 
0.1095E 04 0.1502E 03 
0.1940E 04 0.1093E 04 
0.3087E 04 0.2647E 04 
0.4324E 04 0.4123E 04 
0.55 15E 04 0.5445E 04 
0.6450E 04 0.643 1 E 04 
0.7378E 04 0.7369E 04 
0.8262E 04 0.8257E 04 
0.8981E 04 0.8978E 04 
0.9256E 04 0.9253E 04 
0.91 18E 04 0.91 16E 04 
0.9368E 04 0.9365E 04 
0.2641E 03 0.5 75 4E-0 1 
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0.85 17E 04 
0.5 7 5 4E-0 1 
0.4542E 01 
0.1513E 03 








































aColumns A through F correspond, respectively, to calculations based on uSH (eq. (4)), uSH (eq. ( S ) ) ,  uF (without small 
Zn(A/lZiI) correction), uSm, UF (with small Zn(A/lZi/) correction), and the modified Chapman-Enskog first approximation. 
TABLE 6.- ELECTRICAL CONDUCTIVITY OF EQUILIBRIUM AIR AT NUMEROUS PRESSURES AND TEMPERATURES N 0 
CALCULATED ACCORDING TO METHODS DESCRIBED IN THE TEXT - Continued 
(c) Pressure = 0.3 atm 

































0.1 80 1 E-0 1 
0.1030E-01 
0.5613E-02 
























































0.2669E 03 0.4943 E-0 1 
0.5060E 03 0.4103E 01 
0.1120E 04 0.1368E 03 
0.1976E 04 0.1023E 04 
0.3154E 04 0.2625E 04 
0.4456E 04 0.4191E 04 
0.5731E 04 0.5615E 04 
0.6745E 04 0.6699E 04 
0.7694E 04 0.7676E 04 
0.8611E 04 0.8603E 04 
0.9452E 04 0.9448E 04 
0.9844E 04 0.9841E 04 
0.9682E 04 0.9680E 04 
0.9961E 04 0.9958E 04 
(d) Pressure = 0.4 atm 
0.5109E 03 0.3794E 01 
0.1142E 04 0.1305E03 
0.2001E 04 0.9728E 03 
0.3202E 04 0.2609E 04 
0.4549E 04 0.4239E 04 
0.5885E 04 0.5735E 04 
0.6961E 04 0.6894E 04 
0.7962E 04 0.7931 E 04 
0.8920E 04 0.8906E 04 
0.9804E 04 0.9797E 04 
0.1027E 05 0.1027E 05 
0.1009E 05 0.1009E 05 
0.1038E 05 0.1038E 05 






0.33 18E 04 
0.4725E 04 
0.6101E 04 















































































aSee footnote, page 19. 
TABLE 6.- ELECTRICAL CONDUCTIVITY OF EQUILIBRIUM AIR AT NUMEROUS PRESSURES AND TEMPERATURES 

















































0.21 08E-0 1 
0.1145E-01 
0.8400E-02 

















0.71 29E 04 








0.1 173E 04 
0.2041E 04 
0.3269E 04 













0.2704E 03 0.3921E-01 
0.5148E 03 0.3555E 01 
0.1 159E 04 0.1256E 03 
0.2021E 04 0.9342E 03 
0.3239E 04 0.2597E 04 
0.4622E 04 0.4277E 04 
0.6004E 04 0.5828E 04 
0.7 129E 04 0.7046E 04 
0.8169E 04 0.8129E04 
0.91 60E 04 0.9 140E 04 
0.1 008E 05 0.1007E 05 
0.1061E 05 0.1061E 05 
0.1053E 05 0.1053E 05 
0.1076E 05 0.1076E 05 
( f )  Pressure = 0.6 atm 
0.271 6E 03 0.3 5 56E-0 1 
0.5180E 03 0.3359E 01 
0.1173E 04 0.1216E 03 
0.2041E 04 0.9010E 03 
0.3269E 04 0.2587E 04 
0.4681E 04 0.4307E 04 
0.6102E 04 0.5904E 04 
0.7266E 04 0.7 170E 04 
0.8339E 04 0.8291 E 04 
0.9356E 04 0.9332E 04 
0.1030E 05 0.1029E 05 
0.1089E 05 0.1088E 05 




























0.1 138E 05 
0.1 130E 05 














0.1 105E 05 
0.1088E 05 
0.1107E 05 









0.988 1 E 04 
0.1084E 05 
0.1 137E 05 
0.1 129E 05 






























aSee footnote, page 19. 
TABLE 6.- ELECTRICAL CONDUCTIVITY OF EQUILIBRIUM AIR AT NUMEROUS PRESSURES AND TEMPERATURES 



























































































0.1 107E 05 




0.2727E 03 0.3248E-0 1 
0.5206E 03 0.3193E 01 
0.1 184E 04 0.1 182E 03 
0.2060E 04 0.8723E 03 
0.3295E 04 0.2579E 04 
0.4732E 04 0.4333E 04 
0.6184E 04 0.5969E 04 
0.7382E 04 0.7274E 04 
0.8482E 04 0.8428E 04 
0.9521E 04 0.9494E 04 
0.1049E 05 0.1048E 05 
0.1113E05 0.1 112E 05 
0.1 121E 05 0.1120E 05 
0.1 150E 05 0.1 149E 05 
(h) Pressure = 0.8 atm 
0.2736E 03 0.2981E-01 
0.5230E 03 0.3050E 01 
0.1 194E 04 0.1153E03 
0.2077E 04 0.8474E 03 
0.3322E 04 0.2547E 04 
0.4775E 04 0.4356E 04 
0.6256E 04 0.6025E 04 
0.7483E 04 0.7365E 04 
0.8607E 04 0.8547E 04 
0.9665E 04 0.9634E 04 
0.1066E 05 0.1064E 05 
0.1 133E 05 0.1 132E 05 
0.1 147E 05 0.1 147E 05 











0.101 1E 05 
0.1 108E 05 
0.1 166E 05 



























0.1 106E 05 
0.1 165E 05 
0.1 164E 05 
0.1 189E 05 











0.1 188E 05 


























0.963 1 E 04 
0.1060E 05 
0.1 1 13E 05 
0.1101E 05 
0.1113E05 
aSee footnote, page 19. 
TABLE 6.- ELECTRICAL CONDUCTIVITY OF EQUILIBRIUM AIR AT NUMEROUS PRESSURES AND TEMPERATURES 
























































































0.1 153E 05 
0.1159E05 




0.2744E 03 0.2745E-01 
0.5250E 03 0.2924E 01 
0.1 203E 04 0.1 127E 03 
0.2091E 04 0.8254E 03 
0.3347E 04 0.251 7E 04 
0.4813E 04 0.4375E 04 
0.63 19E 04 0.6074E 04 
0.7572E 04 0.7445E 04 
0.871 6E 04 0.8652E 04 
0.9791E 04 0.9758E 04 
0.1080E 05 0.1078E 05 
0.1 151 E 05 0.1 150E 05 
0.1171E 05 0.1 170E 05 
0.1204E 05 0.1203E 05 
6) Pressure = 1 .O atm 
0.2752E 03 0.2534E-01 
0.5268E 03 0.2810E 01 
0.1211E04 0.1104E03 
0.2104E 04 0.8058E 03 
0.3369E 04 0.2490E 04 
0.4848E 04 0.4373E 04 
0.6375E 04 0.61 18E 04 
0.7651E 04 0.7517E 04 
0.8814E 04 0.8745E 04 
0.9905E 04 0.9869E 04 
0.1093E 05 0.1091E 05 
0.1167E05 0.1166E 05 
0.1192E05 0.1191E05 








0.681 1E 04 
0.81 38E 04 
0.9328E 04 
0.1043E 05 



























































0.1 132E 05 
0.1127E 05 
0.1 14.0E 05 











0.1 149E 05 
0.1149E 05 
0.1163E 05 
aSee footnote, page 19. 
N 
w 



































0.1 112E 00 
0.6212E-01 






























0.521 5E 04 
0.701 7E 04 
0.8554E 04 
0.9938E 04 
0.1 116E 05 
0.1228E 05 














0.1 582E 05 
0.1686E 05 
0.1765E 05 




0.5341E 03 0.1891E 01 
0.1294E 04 0.8693E 02 
0.2239E 04 0.601 1E 03 
0.3599E 04 0.2208E 04 
0.5215E 04 0.4224E 04 
0.7017E 04 0.6357E 04 
0.8554E 04 0.8168E 04 
0.9938E 04 0.9734E 04 
0.1 1 1 6E 05 0.1 107E 05 
0.1229E 05 0.1225E 05 
0.1335E 05 0.1333E 05 
0.1 41 2E 05 0.1410E 05 
0.1466E 05 0.1464E 05 
0.2740E 03 0.1 6 1 3E-01 
(1) Pressure = 10.0 atm 
0.2714E 03 0.8000E-02 
0.5310E 03 0.1 131E 01 
0.1 378E 04 0.667 1 E 02 
0.2438E 04 0.4402E 03 
0.3880E 04 0.1847E 04 
0.5636E 04 0.4008E 04 
0.7738E 04 0.6551E 04 
0.9624E 04 0.8779E 04 
0.1 144E 05 0.1085E 05 
0.1308E 05 0.1269E 05 
0.1451E 05 0.1425E 05 
0.1585E 05 0.1 568E 05 
0.1699r05 0.1687E 05 






































0.89 12E 04 
0.1060E 05 
































0.1 3838 05 
0.141 1E 05 
0.6112E-02 
0.8196E 00 












aSee footnote, page 19. 
TABLE 6.- ELECTRICAL CONDUCTIVITY OF EQUILIBRIUM AIR AT NUMEROUS PRESSURES AND TEMPERATURES 
CALCULATED ACCORDING TO METHODS DESCRIBED IN THE TEXT - Concluded 
(m) Pressure = 30.0 atm 
Temperature, Density 






























































0.4908E-02 0.2587E 03 
0.6694E 00 0.5093E 03 
0.4901E 02 0.1493E 04 
0.3283E 03 0.2831E 04 
0.1420E 04 0.4583E 04 
0.3496E 04 0.6870E 04 
0.6142E 04 0.97 17E 04 
0.8853E 04 0.1259E 05 
0.1 154E 05 0.1534E 05 
0.1 399E 05 0.1760E 05 
0.1606E 05 0.1922E 05 
0.1787E 05 0.2054E 05 
0.1945E 05 0.2204E 05 































aSee footnote, page 19. 
TABLE 7.- VALUES OF COULOMBIC COLLISION FREQUENCY PARAMETERS FOR EQUILIBRIUM 
AIR AT VARIOUS TEMPERATURES AND DENSITIES 
(a) ree, cm' /sec4 
Density ratios @ / p ,  where po = 1.225X lV3 g/cm3) 
Temp., 






















































































































6.9468s 1 s  
5.8094E 18 
4.8276E 18 














































































































1.8488E 1 s  
1.8754E 18 
























































































4.3 106E 03 
4.697 1 E 03 
5.0702E 03 
TABLE8.-VALUES OF usHu(2) (mhoslm) FOR EQUILIBRIUM AIR AT VARIOUS 
TEMPERATURES AND DENSITIES 
10-5 

















9.1 153E 02 








































































lo t1  












4.0601 E 04 
4.5496E 04 
TABLE9.-APPROXIMATE VALUES OF THE COLLISION FREQUENCY RATIO vN/vei FOR EQUILIBRIUM AIR AT 
VARIOUS TEMPERATURES AND DENSITIES 








































































1.186 1 E-04 
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